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§1. Spherical Coordinates Conversion

Example.

𝜌 = √𝑥2 + 𝑦2 + 𝑧2 > 0
𝑥 = 𝜌 sin 𝜃 cos 𝜃
𝑦 = 𝜌 sin 𝜃 sin 𝜃
𝑧 = 𝜌 cos 𝜃

To use spherical coordinates conversion in triple integral

|𝐽 | = 𝜌2 sin 𝜃

Problem 1.1.
Calculate ∭

𝑇
𝑒(𝑥2+𝑦2+𝑧2)

3
2 d𝑣 in terms of 𝑇 = {(𝑥, 𝑦, 𝑧) | 𝑥2 + 𝑦2 + 𝑧2 ≤ 1}

Problem 1.2.
Calculate volume of a sphare with radius a through triple integral.

𝑉 =∭
𝑇
d𝑣

𝑇 = 𝑥2 + 𝑦2 + 𝑧2 < 𝑎2
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§2. Stable Field

Example.
Does this field stable?

⃗𝐹 = 2𝑥
1 + 𝑥2 + 𝑦2

⃗𝑖 + 2𝑦
1 + 𝑥2 + 𝑦2

⃗𝑗

§2.1. Potential Function

In 2D case ⃗𝐹 = 𝑃 ⃗𝑖 + 𝑄 ⃗𝑗 are stable, it means 𝑃𝑦 = 𝑄𝑥. We want to find 𝑈  so

𝐹 = ∇𝑈 ⇔ (𝑃 ,𝑄) = (𝑈𝑥, 𝑈𝑦)

so 𝑈𝑦 = 𝑄,𝑈𝑥 = 𝑃  for example

𝑈𝑥 = 𝑃 ⇒ 𝑈 = ∫𝑃 d𝑥 + 𝐶(𝑦).

Now we drived from 𝑈  respect to 𝑦 and equal to 𝑄 so we get 𝐶(𝑦).

But we use this formula because it’s easier.

𝑈 = ∫𝑃 d𝑥 +∫𝑄∗ d𝑦 + 𝐶)

or

𝑈 = ∫𝑃 ∗ d𝑥 +∫𝑄d𝑦 + 𝐶)

(1)

Example.

𝐹 = 𝑒𝑦 ⃗𝑖 + 𝑥𝑒𝑦 ⃗𝑗 (2)

Example.
Determine the work done by 𝐹  on an arbitrarily way from point (0, 0, 0) to (1, 𝜋2 , −1).

𝐹 = 𝑦𝑧 cos(𝑥𝑦) ⃗𝑖 + sin(𝑥𝑦) ⃗𝑘 + 𝑥𝑧 cos(𝑥𝑦) ⃗𝑗 (3)

Answer:

𝑐 ≔
{{
{
{{𝑥 = 0 + 𝑡
𝑦 = 0 + 𝜋

2 𝑡
𝑧 = 0 − 𝑡

,

0 ≤ 𝑡 ≤ 1

(4)
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Theorem 2.1.1 (Green) .
Assume 𝐶 is a positively oriented, piecewise smooth, simple closed curve, Also 𝑃  and 𝑄
have continuous partial derivatives over 𝐷.

∮
𝐶
𝐹.𝑑𝑟 = ∮

𝐶
𝑃𝑑𝑥 + 𝑄𝑑𝑦 =∬

𝐷
(𝜕𝑄
𝜕𝑥

− 𝜕𝑃
𝜕𝑦

)𝑑𝐴 (5)

Example.
Proof the Green’s theorem Theorem 2.1.1 for the following field, assume 𝐶 is a circle with
equation 𝑥2 + 𝑦2 = 1 positively oriented.

𝐹 = (2𝑥 + 𝑦) ⃗𝑖 + 2𝑦 ⃗𝑗 (6)
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